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Abstract

The purpose of the paper is to analyze g-frames of the form {¢T? € B(H, 9} Eat
where T € B(H) and ¢ € B(H, K), and discuss the properties of the operator
T. We consider stability of g-Riesz sequences of the form {¢T’ € B(H, K12
Finally, a weighted representation of a g frame is introduced and some of its properties
are presented. We provide a sufficient condition for a given g-frame A = {A; €
B(H, K)}2, to be represented by an operator 7 € B(H) and a sequence {a;}°,.
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1 Introduction

Duffin and Schaeffer introduced frames in separable Hilbert spaces as an extension
of orthonormal bases [15]. A frame does not necessarily contain linear indepen-
dent vectors. Frames can be viewed as redundant bases which are generalization of
orthonormal bases. They provide non-unique representations of vectors in a Hilbert
space. The redundancy and flexibility of frames have led to their applications in various
fields throughout mathematics and engineering, such as signal and image processing
[4,5,16], data compression, dynamical sampling [1,2] and etc.
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Definition 1.1 A sequence F' = {f;}{°, in a separable Hilbert space H is called a
frame for H, if there exist two constants Ay, Br > 0 such that

ARllFIP <) IKf P < BeIFIP. f eH.

i=1

For background material on frame theory and related topics, we refer readers to [6,9,
14,17,19].

As introduced in[1,2] by Aldroubi et al. dynamic sampling deals with the frame
properties of sequences {T? f }720» Where T : H — 'H belongs to certain classes of
linear operators and f € H.

Frames { f;}$°, for which a representation of the form (T' f 172 with a bounded
operator T, were characterized in [11]. While all linearly independent frames have
a representation {T" f }720 it is more restrictive to obtain boundedness of the repre-
senting operator 7. Christensen et al. [10,13] have shown that the only frames with
bounded representations are those that are linearly independent and the kernel of their
synthesis operators is invariant under right-shift operator 7 : £2 — ¢ defined by

T ({ci}2)) = 0, c1, e, ..0).

For example, any Riesz sequence {f,,}5° | in H has the form {T" f,}>° , for some
operator I’ € B(H) with closed range.
To study frames of the form {a; T" f1}{°,,, they consider the weighted right-shift

operator on ¢>(H) := {{ci}?il CTH: Y2 el < oo} defined by

Tw({ci}?il) = (O, Z—;q, Z—jcz, ) ..),

for a sequence of non-zero scalars w = {a; f’i | [12]. They have also explored the
relationship between the representations of a frame and its duals. For the applications
of frames, they established that frame representations were preserved under some
perturbations. Results [2, Theorem 7] and [11, Proposition 3.5] are shown that the
sequence {7 f1}72, is not a frame, whenever T is unitary or compact. Also, Lemma
2.1 and Proposition 2.3 of [27] indicate the range of T is close and give some equivalent
conditions for 7 to be surjective.

Sun [28] introduced a generalization of frames, named g-frames which are including
some extensions and types of frames such as frames of subspaces [8], fusion frames [7],
oblique frames [3], a class of time-frequency localization operators and generalized
translation invariant (GTI) [20,21]. Therefore, some concepts presented in frames such
as duality, stability and Riesz basis were also studied in g-frames [24,28,29].

Throughout this paper, J is countable set, N is natural numbers and C is complex
numbers, 7 and /C are separable Hilbert spaces, /dyy denotes the identity operator
on H, B(H) and GL(H) denote the set of bounded linear operators and invertible
bounded linear operators on H, respectively. Also, we apply B(H, k) for the set of
bounded linear operators from H to K and consider ¢, ¥ € B(H, K). We use ker T
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and R(T) for the null space and range T € B(H), respectively. Now, we summarize
some facts about g-frames from [25,28]. For more on related subjects to g-frames, we
refer to [18,23,26].

Definition 1.2 Wesay that A = {A; € B(H, K;)}{2, is a generalized frame for H with
respect to {K;}72,, or simply g-frame, if there are two constants 0 < Ay < By < 00
such that

AAIFIP <D IAFIP < BANFIP, f €. (1.1)
i=1

We call A, By the lower and upper g-frame bounds, respectively. A is called a tight
g-frame if Ay = Bjp, and a Parseval g-frame if Ay = By = 1. A family A is called
g-Bessel if the right hand inequality in (1.1) holds for all f € H, in this case, By is
called the g-Bessel bound.

Example 1.3 [28] Let { f;}7° be aframe for H. Suppose that A = {A; € B(H, C)}2,,
where

Aif =(f. fi), feH.
It is easy to see that A is a g-frame.

For a g-frame A, there exists a unique positive and invertible operator Sp : H — H
such that

o0
SAf=ZA;“A,-f, feH,

i=1

and Ap - Idy < Sp < Bp - Idy. The operator Sy is called the g-frame operator for
A. For a family {K;}72, of Hilbert spaces, consider the space

o0
o K = (g2 g €Ki Y lgill? < oo},
i=1

For the case K; = K for all i, we use £2(K) instead of &7, K. Itis clear that @2, K;
is a Hilbert space with pointwise operations and with the inner product given by

({2 (&idsy =Zf,,g,

For a g-Bessel A, the synthesis operator Ty : @7, K; — 'H is defined by

A({&i)iey) ZA*gz
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The analysis operator T\ : H — @:2,K;, adjoint of Ty, is given by

TXf={Aif}2,. feH.

It is obvious that SA = TATy.Forag-frame A = {A; € B(H, K},
A = {A = A; SA € B(H, K;)}{2,, which is called canonical dual of A, is a g-

frame with lower and upper g-frame bounds BL and ﬁ, respectively. For g-Bessel
sequences A and ©, we consider Spe = TATg.

the sequence

Definition 1.4 Consider a sequence A = {A; € B(H, K;)}32,

(i) We say that A is g-complete if N2, ker A; = {0}.
(i) We say that A is a g-Riesz sequence if there are two constants 0 < Ay < By <

oo such that for any finite sequence {g;}7_,,

n
e <BaY leil, g€k

n
A lgill* =
i=1

(iii)) We say that A is a g-Riesz basis if A is g-complete and g-Riesz sequence.
(iv) We say that A is a g-orthonormal basis if it satisfies the following:

(Aigi, Njgj) =8 j(gi,g), i,jeN, g ekigjek;,

STIAfIP=1fIP feH.

i=1

A g-Riesz basis A = {A; € B(H, K, )}"O1 is g-biorthonormal with respect to its
canonical dual A = {A; € B(H, K; )}72, in the following sense

(Nfgi, Ni"g;) =6 j(gi.gj), i.jeN, g eki g€k (1.2)

Theorem 1.5 [26] Let A = {A; € B(H,K)}2, be a g-frame and ©® = {©; €
B(H, K)}2, be a g-orthonormal basis. Then there is an onto bounded operator
V i H — H such that A; = ®;V*, foralli € N. If A is a g-Riesz basis, then V is
invertible. If A is a g-orthonormal basis, then V is unitary.

Theorem 1.6 [28] Let for i € N, {e; j}jey; be an orthonormal basis for K;. The
sequence A = {A; € B(H,K;)}72, is a g-frame (respectively, g-Bessel family,
g-Riesz basis, g-orthonormal basis) if and only if {A}e; j}ieN, jey; is a frame (respec-
tively, Bessel sequence, Riesz basis, orthonormal basis).

Now we summarize some results of article [22] in which we generalize the results
of articles [10,11] to introduce the representation of g-frames with bounded operators.

Definition 1.7 Let T € B(H). We say that a g-frame A = {A; € B(H, K)}{2, has a
representation T if A; = AT/~ foralli € N. In the affirmative case, we say that A
is represented by 7.
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Remark 1.8 Let T € B(H). Consider the frame F = { f;}7°, = {Tifl}?io for H, and
the g-frame A = {A; € B(H,C)}2,, where A; f = (f, fi) foreachi € N. It is
clear that

Aipif =(f. fisr) =L TSi) =(T*f, fiy = MiT"f, [ eNR.

Therefore, A; = A (T*)"*l foralli € N, i.e., A is represented by 7*. Conversely, if
T € B(H)and A = {A; € B(H,O)}2, = {AT}%, is a g-frame for , then by
Riesz Representation Theorem there exists a sequence { f;}7°, (which is a frame for
‘H) such that

=@ A, Nf=(f.fi), feH, ieN

The following theorem provides a sufficient condition for a given g-frame to be rep-
resented by an operator 7. This theorem is a special case of Theorem 3.2.

Theorem 1.9 [22] Let A = (A; € B(H,K)}2, be a g-frame such that if
Y Argi = 0 for some n € N, then g; = 0 for every 1 < i < n. Suppose that
ker T is invariant under the right-shift operator. Then A is represented by T € B(H),

where | T|| </ BAAXI.

Corollary 1.10 [22] Every g-orthonormal basis and g-Riesz basis has a representation.

Remark 1.11 [22] Consider a g-frame A = {A; € B(H, K)}72, which is represented
by T. For § € GL(H), the family AS = {A;S € B(H, K)}72, is a g-frame [26,
Corollary 2.26], which is represented by S~!7'S.

In this paper, we generalize some recent results of [11,27] to obtain some properties
of the operator 7 € B(H) in a g-frame {¢T' € B(H, K)};2,. We also generalize
some results of [12,27] by introducing and investigating weighted representations for
g-frames.

2 G-Frame representation properties

In this section, some properties of T € B(H) are provided when {¢T' € B(H, K12,
is a g-frame.

Theorem 2.1 Let A = {A; € B(H,K)}2, be a g-frame represented by T. Then
R(T*) =span{T*Afe; : j e JI2,, where {e}} ey is an orthonormal basis for K.
In particular, R(T*) and R(T) are closed.

Proof By Theorem 1.6, {AYe; : j € J};‘i1 is a frame for H, and so for every f € H,
we have

00 00
T*f=T>‘< ZZC,’jATej ZZZC,'jT*A;kEj.

i=1 jeJ i=1 jel
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Thus, R(T*) C span{T*Afe; : j € J}72, := Ho. On the other hand, since
{T*Afej: je 2, ={Af ej: jeJ}2, isaframe for Ho, we have

o0 o
gzzzdijT*A;kej:T* ZZdijA;kej y gEHo.
i=1 jeJ i=1jeJ
Then R(T*) = H is closed and so R(T) is closed. O

Proposition 2.2 Let A = {¢T' € B(H, K)}2, be a g-frame such that ||| < «/Ax.
Then T is injective.

Proof We have

AALFIP =) HleT £1 < lloll? <||f||2 +y IITifllz) . fen

i=0 i=1

Thus [l@lI* Y72, IT* £1I> = (Aa = ll@l*) Il 11> and since [l¢|l < ~/Ax, we infer that
T is injective. O

The following example shows that, the other implication of Proposition 2.2 is not
satisfied. Also, we give an example which is satisfied in Proposition 2.2 condition.

Example2.3 (i) For ¢ = 3ldy and T = %IdH, we get the tight g-frame A =
{pT" € B(H)}72, with [@]| > /Anx. '
(ii) For ¢ = Idy and T = J1dy, we get the tight g-frame A = {pT' € B(H)},

with |lo|| < VA

Theorem 2.4 Let A = {A; € B(H, K)}72, be a g-frame represented by T. Then the
following are equivalent:

(i) T is injective.
(ii) R(Sy'AT) Nker T = {0).
(iii) R(AT) € R(T*).

Proof (i) = (ii) and (i) = (iii) are clear. (ii) = (i) Suppose that T is not injective.
Then there exists 0 # f € ker T', and we get
o o0
F=) S ATAf = SUATALS + ) S AT AT =S TATALS.
i=1 i=1
So f e R(SXIAT), which is a contradiction. (iii) = (i) For any f € H, we have

o0 o0
f=) AAST F=AMSSf+ ) T AT A S f

i=1 i=1
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oo
= NiA S+ T (Z A;*Amsglf) :

i=1

Since R(A]) € R(T*), we get f € R(T*). Therefore T* is surjective, and so T is
injective. o

The following example shows that the operator representation of a g-frame may not
be injective.

Example2.5 (i) Let T € B(H) and f € H such that F = {Tif}fio be a Riesz
basis for H. Then by [27, Corollary 2.4], T is not surjective. If we consider
A ={A; € B(H,C)}2,, where A; f = (f, T' f), then by Remark 1.8, A is
represented by 7* which is not injective. On the other hand, since A7 (1) = T f
for any i € N, by Theorem 1.6, A is a g-Riesz basis.

(i) Let Hy be a separable real Hilbert space and {e;}7°, be an orthonormal basis.
Suppose A = {A; € B(Ho,R)}72, such that A; f := (f,e;) forall f € Ho. It
is easy to see that A is a g-orthonormal basis. We have

@ Y2 A f17 =350 e, O =IIFI% f € Ho;
(b) Afa = ae; foralla € R and
2 n

2
= loil®, {al}_, CR:
i=1

n
*
S
i=1

(©) (Afa, A*B) =6 jup. o.p R

If we define V : Ho > Ho by Vf := > 72, (f, eit1)ei, then V is not injective
and A;4+1 = A; V. Then A is represented by V.

Theorem 1.9 shows that for a g-frame A = {¢T! € B(H, K)}72, we have
IT| <+/Ba AXI. The following theorem gives a sufficient condition to get | 7| > 1.
However, there is a g-frame {¢T' B(H)}2, with || T|| < 1 (see Example 2.3).

Theorem 2.6 Let T € B(H) and ¢ € B(H, K) such that A = {¢T" € B(H, K)}?2,
be a g-frame. If (i_, ker @T" # {0} for eachn € N, then |T|| > 1.

Proof Lete > 0, and suppose by contradiction that|| T'|| < L. Then there exists N > 0
such that )%\ ., leTi 1> <e.LetO # f € ﬂlN:O ker o T' with || f|| = 1. Then

N 00
A<D leT fIP+ D lleT fIP <.

i=0 i=N+1
Therefore A, = 0, which is a contradiction. O

The main purpose of the reminder of this section is to show that the operator repre-
sentation of g-frames may be compact but can not be unitary.
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Theorem 2.7 Let A = {¢T' € B(H, K)}2, beag-frame. Then T" f — Oasn — oo
forevery f € H.

Proof Forevery n € Nand f € H, we have

o0 o
ANIT"FI2 <) e 12 =) lleT £ @2.1)
j=n

i=1

Since 7%, lloT" f1|? is convergent, we get > 20 loT" f||*> — 0 asn — oco. There-
fore, the inequality (2.1) implies that 7" f — 0 as n — oo. O

Corollary 2.8 For every unitary operator T and every ¢ € B(H,K), the sequence
A ={pT"' € B(H, K)}72, can not be a g-frame.

Proof Forevery f € H,
1A= T T I < NT*I"NT" £ = 1T £ (2.2)

If A is a g-frame, then by Theorem 2.7, T" f — 0 asn — 00, and so by the inequality
(2.2), we get f = 0 which is a contradiction. O

Example 2.3 shows that the representation of a g-frame can be normal operator.

Corollary 2.9 Let A = {A; € B(H,K)}2, and ® = {®; € B(H,K)}2, be two
g-orthonormal bases. Then for every ¢ € B(H, K), the sequence I' = {(pSi\_@1 €
B(H, K)}:2, is not a g-frame.

Proof By Theorem 1.5, there exists a unitary operator U € B(H) suchthat®; = A;U.
Then T = U*Tx and

Sa0Sio = TaTSToTS = TATSUUTATS = SaldynSa = ldy.

Similary, we get S% o Sae = Idy. So Spe is a unitary operator on  and by Corollary
2.8, I' is not a g-frame for every ¢ € B(H, K). |

Proposition 2.10 Let H and Hy be two Hilbert spaces. Assume that T € B(H1), S €
B(H»), ¢ € B(Hi,K) and ¥ € B(Ha, K) such that T = V'SV and ¢V = ¢
for some V€ GL(Hy, H»). Then {¢T' € B(Hj, )} is a g-frame if and only if
(S € B(Ha, )}, is a g-frame. In the affirmative case V is unique.

Proof For every f € Hj, we have

YolleT fIP =Y I vvisvyfIP =Y Iy vv ISP
=0

i=0

i=0

0 .
=Y luS'vrIE

i=0
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Since V € GL(H1, H>), the sequence {¢T' € B(H;, K)}72, is a g-frame if and only
if A = {yS' € B(Ha, )}, is a g-frame. Moreover, if {oT! € B(H,, K}y is a
g-frame and {e,} ;< is an orthonormal basis for K, then by Theorem 1.6, each f € H;
can be represented by f = Y 70>, ¢;j(T))*p*e; for some {c;j : j € J}, € €2.

jeJ
Hence
vH ' f=H! ZZ%T )¢
i=0 jeJ
o
i=0 jeJ
o
=D i) Ye.
i=0 jeJ
Therefore V is unique. O

Proposition 2.11 Let A = {A; € B(H, K)}{2, be a g-frame. If the sequence {(ij\ €
B(H, K)}2, is a g-frame for some ¢ € B(H IC) then Ap < 1.

Proof The proof is the same as the proof of the [27, Proposition 2.7]. O

In [27, Corollary 2.4], it has been shown that for Riesz basis (T! fi }?io the operator T’
can not be surjective. A result in [11, Proposition 3.5] and [27, Proposition 2.2] states
that if {77 f }72, is a frame for an infinite dimensional 7 with T € B(H), then T can
not be compact. The following proposition provides a generalization of this result.

Proposition 2.12 Let dim K < oo and dimH = oo. If A = {A; € B(H,K)}2, isa
g-frame represented by T, then T is not compact.

Proof Let {e;}""_; be an orthonormal basis for X and 7" be compact. By Theorem
2.1, R(T*) = span{AlHej l<j< m}l 1» and therefore by [9, Lemma 2.5.1],
there exists 77 € B(H) such that T*TT = Idgr+. Since T is compact, T* is
compact and so R(7T*) is finite-dimensional. Consequently, by Theorem 1.6 we get
H =span{Afe; : 1 < j < m}°,. This implies that / is finite-dimensional which
is a contradiction. O

The following example shows that the assumption dim K < oo in Proposition 2.12 is
necessary.

Example2.13 Let T : ¢> — ¢% be an operator defined by T'{a,}°2 | = (xay, 0,0, ...)
which || < 11is a fixed scalar. It is clear that 7" is compact and A = {T' e B(Z2)}i°io
is a g-frame. In fact, for every {a,}2 | € £2, we have

D T Han)g2 1P = Hankp, 17 +Z||T{an} 7

i=1
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= I{ai}g2, II? +Z||(a a1.0,0,..)%

i=1

1
Then [H{an )52 17 < 3720 1T Hankp2, I < T an )2y 117

In the following theorem, by applying a perturbation, we consider a sequence of oper-
ators ® in some sense close to the g-Riesz sequence A, and then get some conditions
for ® to be g-Riesz sequence.

Theorem 2.14 Let A = {A; € B(H, K)}{2, be a g-Riesz sequence and © = {©; €
B(H, K)}:2, be a sequence of operators. Suppose that Sy is the g frame operator

of A (as a g-frame sequence) such that o == Y o [[A; — ®,||||A1SA | < 1 and
B = Zfil lA; — ®,'||2 < 00. Then © is a g-Riesz sequence.

Proof For every {g;}7°, € £2(K), we have

i 8i

oo
— AN+ Y Al

]
ZAT&'
i=l

o0
< 3107 — Aflllgill +
i=1

(Z|®~—A-n2> {83321 | + V/Ball{gi}2y |
< (VB +VBa) g2 - (23)

By the assumption, A is a g-frame for M = span{A}(K)}2,. Let U : H — 'H be
defined by

o0
Uf =Y O;AS'Pmf. feH,

i=1

where Py : H — H is the orthogonal projection on M. Since {A,~S7\1 PmfI2, €
£2(K), by (2.3) we have

IUFI < (VB + vBa)|[{AiSy Puf o 1||<“/_j_¢_||f|| feH.

Note that the operator U on M is equal to Sga SXI. Let f € M, then

If=Ufll=

i=1 i=1

o0 o0
SOAAS =Y @;‘AisglfH
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o0

D (AF—OpASf

i=1

o0
<Y A = Ol AL = el £
i=1

This implies that ||Uf|| > (1 —a)| f| for all f € M. On the other hand by applying
(1.2), we get UA} = O for each k € N, because

o0 o0
(UAg. f) =Y (OFA:Sy Atg. ) = (Afg. Sy AFO;f)
i=l i=I

=(8.0cf) = (08, f), feH gek.

Consequently, for each {g;}7°, € £2(KC) we have

o9)
29?&'
i=1

o

Z UAgi
i=1

l o
ZAT&'
i=1

oo
UZA?&'
i=1
00 12
= (1 —a)y/Ax (Z ||g,»||2) :
i=1

= (I —a)

O

Theorem 2.15 Let T € B(H) and ¢, € B(H,K). Suppose that A = {pT! €
B(H, K)}2, be a g-Riesz sequence and there exists € [0, 1) such that ||| <
(1= w)AN and YT || < p* ||l for eachi € N. Then {(p +y)T" € B(H, K)}72,
is a g-Riesz sequence.

Proof 1t is sufficient to show that the sequence {(¢ + V)T’ € B(H, )12, satisfies
the conditions of Theorem 2.3. Let S be the g-frame operator of A (as a g-frame
sequence). It is clear that ||(pSX1 | < L By the assumptions, we get

VAN

Dl + T — T |? Z||¢T||<Zu2’||w|| ”1/’”

i=0

- e Iyl
T S L% 1.
i§=0j I T Sy < W

Therefore the proof is completed. O
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3 G-Frame representation with a bounded operator and a sequence
of non-zero scalars

Frames of the form {a; T’ f }72, for some non-zero scalars with sup; .y ‘— < 00

ai+1 ‘
and T € B(H), were introduced and investigated in [12,27]. In this section, we
introduce this kind of representation for g-frames.

Definition 3.1 We say that a g-frame A = {A; € B(H, K)}72, has a weighted repre-
sentation if there are a sequence of non-zero scalars {g;}7°, and T € B(H) such that
A; = a; AT~ foralli e N. In the affirmative case, we say that A is represented by

(T’ {“i}?il)~

Note that for {a;}{°, = {1}{2, in Definition 3.1, we have [22, Definition 2.2]. Also, It
is obvious that if a g-frame A = {A; € B(H, K)}72, is represented by (T {ai}?2 1)
thena; = 1, and

] aj+1 i— 1 .
Ait = ai AT = S g a7l = S5 A T e
a; a;

In [22], it is shown that the g-frame A = {A, € B((C)};’f’:1 with A, = ldc

n* +1
has not any representation, but this g-frame is represented by (I dc, {an},‘f’zl), where

a, = foralln € N.

n*+1
Theorem 3.2 Let A = {A; € B(H, K)}?2, be a g-frame such that if Y ;| A¥g; =0
forsomen € N, then g; = 0foreveryl <i < n.Let{a;}72, be asequence of non-zero

. ai . . .
scalars with |1 = sup;cy ‘—l‘ < oo, and ker Ty be invariant under the weighted
aj+1

right-shift operator 1, where @ = {a;};°,. Then A is represented by (T, {a,-}j’il)

where | T| < i\/ BaAL".

Proof Let {e;};jc; be an orthonormal basis for . We define the linear map S :
span{A}(K)}2, — span{A}(K)}72, with

S(Afej) = i ——Af e

1

By the assumption, S is well-defined. Now, we show that S is bounded. Let f =
Yicr.jec CijAfej € span{A7(K)}2, where I € Nand G € J are non-empty finite
sets. We may assume that {c;; : j € J}2, € 22(N x J) by letting cij = 0if
(i,j) ¢ I x G.By Theorem 1.6, F = {Afe; : j € J}72, is a frame for H with lower
and upper frame bounds A, and By, respectively. We can write

{C,’ji jEJ}?ilz{dijZ jEJ}?il-‘r{rijZ jEJ}?il
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where {d;; : j € J}2, € kerTp and {ry; : j € J}2, € (ker Tr)™. Then
o
{ > jesdijej } ~ belongs to ker T, and by the assumption we conclude that

o0

ZZ a leAerle/ =TrzT, Zdijej =0.

i= lJEJ jelJ i=1

Therefore

IS/ ZZ a —CijAL1e; ZZ_mA;"Hej

i=1 jeJ i+ i=1jeJ di+

< MZBAZZViﬂz- 3.1)

i=1 jeJ
Since {r;j : j € J}2, e (ker Tr)*t, by [9, Lemma 5.5.5], we have

2

o0 o0
AAZZViﬂzf erijl\?‘ej . (3.2)

i=1 jeJ i=1 jeJ

Hence by the inequalities (3.1) and (3.2), we have

o0
ISFI? < u?BaAL | D rijAfe;

i=1 jeJ

oo

=W BAAL D0 (dij +rij)ATe;

i=1jeJ
2

oo
= 1PBAAY Y ) cijAtei| = uwBaAL IS
i=1 jeJ

So, S is bounded and can be extended to Q € B(H). Let T = Q¥ then it is obvious
that A is represented by (T, {a; ;’i]) and || T < w4/ BAAXI. O
Theorem3.3 Let A = {A; € B(H,K)}2, and ©® = {®; € B(H,K)}2, be

sequences such that

f=) AOif. feH. (3.3)

i=1
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Assume that {a,}o"1 is a sequence of non-zero scalars such that for every f € H
the series Z l+1® f converges. Then A = {a; A\;T'~' € B(H, K)}32, for
some T € B(H) lfand only if

aj+1
aj

o0
Ajp1 = Z—A OFA;y1, jeN. (3.4)

a
i=1 @i+l

Proof First, we assume that A = {a; AT "' € B(H, K)}2, for some T € B(H).
Then Aryy = SFLA;T forall i € N. By (3.3), we get

i

T*f = ZTA@f Z(AT)@f Z ;-"H@,-f, f eH.

i=l1 i=1

Then

J+l * aj+1
J-Hg T* Ajg =
aj izl al_,_

——A[1OiAg, gekK.
Therefore (3.4) is concluded. For the other implication, let (3.4) hold. We define the
linear operator T : ' H — H by

Tf = Z—@* i+1f. femn.

i=1

By the assumption and uniform boundedness principle, T is well-defined and bounded.
Then by (3.4), for every f € H, we have

o
a; a; .
AiTf = —AjOA i f=——Ajnf, jeN
! ;aiﬂ s aj+1 I
This completes the proof. O
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