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Dynamical sampling, as introduced by Aldroubi et al., deals with frame properties of
sequences of the form {T%~! f1};cn, where f1 belongs to Hilbert space H and T : H —
H belongs to certain classes of bounded operators. Christensen et al. studied frames
for H with index set N (or Z), that has representations in the form {T?~!fi};en (or
{T"fo}icz). As frames of subspaces, fusion frames and generalized translation invariant
systems are the special cases of g-frames, the purpose of this paper is to study and get
sufficient conditions for g-frames A = {A; € B(H,K) : i € N (or Z)} having the form
Aiy1 = MT?, T € B(H) (or Ajy1 = AoT?, T € GL(H)). Also, we get the relation
between representations of dual g-frames with index set Z. Finally, we study stability of
g-frame representations under some perturbations.
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1. Introduction

In 1952, the concept of frames for Hilbert spaces was defined by Duffin and Scha-

effer I Frames are important tools in the signal/image processing P45 data com-
T2 etc.

)

Throughout this paper, I and J are countable sets, H and K are separable
Hilbert spaces, {C;:i € I} is a family of separable Hilbert spaces, Idy denotes
the identity operator on H, B(H) and GL(H) denote the set of all bounded linear
operators and the set of all invertible bounded linear operators on H, respectively,
and 1?(H,I) = {{gi}ier:9i € H.> ;e l|l9sl|* < o0}. Also, we will apply B(H, K) for
the set of all bounded linear operators from H to . We use ker T and ranT for
the null space and range of T' € B(H), respectively. We denote the natural, integer
and complex numbers by N, Z and C, respectively.

pression 222 dynamical sampling

2050078-1


https://dx.doi.org/10.1142/S0219691320500782

Y. Khedmati € F. Ghobadzadeh

A sequence F' = {f;}icr in H is called a frame for H, if there exist two constants
Ap, Br > 0 such that

AplfI2 < SIS PO < BelfIE, fen (1.1)
iel
Let F = {f;}iesr be a frame for H, then the operator

Tp:1*(C,I) —»H, Tr({citier) = cifi,
icl
is well-defined and onto, also its adjoint is
Tp:H —1*(C,I), Tipf={(f fi)}ier
The operators Tr and T} are called the synthesis and analysis operators of F)|
respectively.
Frames for H allow each f € H to be expanded as an (infinite) linear combi-

nation of the frame elements. A frame G = {g; }ies such that for every f € H we
have

> (f fgi =1,

iel
is called dual of frame F' = {f;}ics. For more on frames, we refer to Refs. [7]and [I7.

Aldroubi et al. introduced the concept of dynamical sampling which dealt with

frame properties of sequences of the form {Tf; }ien, for fi € H and T:'H — H
belonging to certain classes of bounded operators 2 Christensen and Hassannasab
analyze frames F' = { fi};cz having the form F = {T"%fq};cz, where T is a bijective
linear operator (not necessarily bounded) on span{f;};cz. They show, (T*)~! is
the only possibility of the representing operator for the duals of the frame F =
{fiYiez = {T"fo}icz, T € GL(H)2 They even clarify stability of the representation
of frames. Christensen et al. determine the frames that have a representation with
a bounded operator and survey the properties of this operator 12

Proposition 1.1 (Ref. 10). Consider a frame sequence F = { f;}ien in H which
spans an infinite-dimensional subspace. The following is equivalent:

(i) F is linearly independent.
(ii) There exists a linear operator T:span{f;}ien — H such that {fi}ien =
{7 fi}ien.

The right-shift operator on I?(H,N) and (%(H,Z), is defined by

T({ci}ien) = (0,c1,¢2,...) and T ({¢;}iez) = {ci—1}iez, respectively. Clearly,
the right-shift operator on [?(H, Z) is unitary and 7* is the left-shift operator, i.e.
T*({ci}iez) = {cit1}iez. A subspace V C [?(H,N) is invariant under the right-shift
operator if 7 (V) C V and a subspace V C [?(H, Z) is invariant under the right-shift
(left-shift) operator if 7(V) CV (T*(V) C V).
Theorem 1.2 (Ref.12)). Consider a frame F = {f;}ien in H. Then the following
18 equivalent:
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(i) F has a representation F = {T*71fi};en for some T € B(H).
(ii) For some dual frame G = {gi}ien (and hence all)

fit1 = Z<fj»gi>fi+1, VjeN.

€N
(iii) The ker Tr is invariant under the right-shift operator.

In the affirmative case, let G = {g;}ien denote an arbitrary dual frame of F, the
operator T has the form

Tf=Y (f.9)fix1, VfEH,

€N
and 1 < ||T|| < /BrAz".

In 2006, generalized frames (or simply g-frames) and g-Riesz bases were intro-
duced by Sun23 “G-frames are natural generalizations of frames which cover many
other recent generalizations of frames, e.g. bounded quasi-projectors, frames of sub-
spaces, outer frames, oblique frames, pseudo-frames and a class of time-frequency
localization operators 22 The interest in g-frames arises from the fact that they pro-
vide more choices on analyzing functions than frame expansion coefficients?¥ and
also every fusion frame is a g-framé®™ . Generalized translation invariant (GTI)
frames can be realized as g-frames ¥ so for motivating to answer the similar prob-
lems relevant to shift invariant and GTI systems in Ref. 8] we generalize some
results of the frame representations with bounded operators in Refs. [0 and to
g-frames. Now, we summarize some facts about g-frames from Refs. 21] and 23] For
more on related subjects to g-frames, we refer to Refs. [16], 19 and

Definition 1.3. We say that A = {A; € B(H,K;):i € I} is a generalized frame,
or simply g-frame, for H with respect to {K;:¢ € I} if there are two constants
0 < Ap < Bp < oo such that

AP < D INAIP < BalfIP, fen. (1.2)

iel

We call Ay, By the lower and upper g-frame bounds, respectively. A is called a
tight g-frame if Ay = By, and a Parseval g-frame if Ay = By = 1. If for each i € I,
K; = K, then, A is called a g-frame for H with respect to IC. Note that for a family
{Ki}ier of Hilbert spaces, there exists a Hilbert space K = @,¢7K; such that for
alli € I, K; C K, where @;¢/K; is the direct sum of {K;};cr. A family A is called
a g-Bessel family for H with respect to {;:¢ € I} if the right-hand inequality in
(T2) holds for all f € H, in this case, By is called a g-Bessel bound.

If there is no confusion, we use g-frame (g-Bessel family) instead of g-frame for
'H with respect to {K;:i € I} (g-Bessel family for H with respect to {K;:i € I}).
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Example 1.4 (Ref. 23]). Let {f;}ics be a frame for H. Suppose that A = {A; €
B(H,C):i € I}, where

Nf ={f.fi), [eH
It is easy to see that A is a g-frame.

For a g-frame A, there exists a unique positive and invertible operator Sy : H —
‘H such that

Saf =) AiNif, fen,
el
and Ap.Idy < Sp < Bp.Idy. Consider the space

(Z @IQ) = {{gi}iel :9; € Kiyi €I and Z lgill* < OO}~
12

i€l icl
It is clear that (3, ; ®K;);2 is a Hilbert space with pointwise operations and with
the inner product given by

({fitier{gitier) =Y (firgi)-
icl
For a g-Bessl family A, the synthesis operator Ty : (3_,c; ®K;);2 — H is defined by
Ta({gitier) = Z A7 gi-
i€l
The adjoint of Ty, Ty : H — (3 _,c; ®K;);2 is called the analysis operator of A and
is as follows:
Thf ={Aif}ier, feEH.
It is obvious that Sy = TxAT}.

Definition 1.5. Two g-frames A and © are called dual if
Y Aeif=f feH

icl
For a g-frame A = {A; € B(H,K;):i € I}, the g-frame A = {AS M €
B(H,K;):i €I} is a dual of A, which is called the canonical dual.
Definition 1.6. Consider a family A = {A; € B(H,K;):i € I}.

(i) We say that A is g-complete if {f:A;f =0,i€ I} ={0}.
(ii) We say that A is a g-Riesz basis if A is g-complete and there are two constants
0 < Ap < Bp < oo such that for any finite set {g; }icr, ,

An Z lgall* < | Z Ajgill?

1€y 1€y

<Bay_ gl gi €Ki
i€l,
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(iii) We say that A is a g-orthonormal basis if it satisfies the following:
(A79i,Ajg5) = 0i3(9i,95), 1,5 €1, g €Ki, gj €Kj,

D_INAIE =11 Fen.

iel
Theorem 1.7 (Ref. 23). A family A = {A; € B(H,K;):i € I} is a g-Riesz
basis if and only if there exist a g-orthonormal basis © and U € GL(H) such that
A, = 0,U,iel.

Theorem 1.8 (Ref. [23). Let fori e I, {e; ;j}jes; be an orthonormal basis for IC;.

(i) A is a g-frame (respectively, g-Bessel family, g-Riesz basis, g-orthonormal basis)
if and only if {Afe; j}icr jes; is a frame (respectively, Bessel sequence, Riesz
bastis, orthonormal basis).

(ii) A and © are dual if and only if {Afei }ticr jes, and {OFe; ;jYicr jes, are dual.

In this paper, we generalize some recent results of Christensen et al@22 to
investigate representations for g-frames with bounded operators.

2. Representations of G-Frames

In this section, by generalizing some results of Refs. [9 and 12, we introduce repre-
sentations for g-frames with bounded operators and give some examples of g-frames
with a representation and without any representations. In Theorem 2.5l we get suf-
ficient conditions for g-frames to have a representation with a bounded operator.
Also, Theorem and Proposition .10 show that for g-frames A = {A;T%"1:i €
N}, the boundedness of T is equivalent to the invariance of ker Ty under the right-
shift operator.

Remark 2.1. Consider a frame F = {f;}ien = {171 f1 }ien for H with T' € B(H).
For the g-frame A = {A; € B(H,C):i € N} where
Aif:<f7fi>7 f€H7

we have

Niprf = (f, fipr) = ([, Tfi) =(T*f, i) = AT f,  feN.
Therefore, A; = A (T*)"~1,i € N. Conversely, if we consider a g-frame A = {A; €
B(H,C):i e N} = {A;T"':i € N} for T € B(H), then by the Riesz representation
theorem, A;f = (f, fi),i € Nand f, f; € H, where F' = {f; }ien is a frame such that
fi=(T*)"1f,i e N
Now, we are motivated to study g-frames A = {A; € B(H,K):i € N}, where
Ai = My TP ! with T € B(H).

Definition 2.2. We say that a g-frame A = {A; € B(H,K):i € N} has a repre-
sentation if there is a 7' € B(H) such that A; = A{T""!,i € N. In the affirmative
case, we say that A is represented by 7.
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In the following, we give some g-frames that have a representation.

Example 2.3. (i) The g-frame of finite elements A = {A; € GL(H):i = 1,2} is
represented by Al_lAQ.

(ii) The tight g-frame A = {A; € B(H):i € N} with A; = g:—:;IdH is represented
by %IdH

(iii) Let F' = {fi}ien = {T* 1 f1}ien be a frame for H, where T € B(H). Then the
g-frame A = {AZ € B(H,CQ) NS N} with A, f = (<f, f1>, <f, fi+1>), feH,is
represented by T*.

Now, we give a g-frame without any representations.

Example 2.4. Consider the tight g-frame A = {A,, € B(C):n € N} with

A, = #Idc. Since A = %Id(c and Ay = %Id(c, the g-frame A has not any
representations.

By generalizing a result of Ref. [I0, the following theorem gives sufficient condi-
tions for a g-frame A = {A; € B(H,K):i € N} to have a representation.

Theorem 2.5. Let A = {A; € B(H,K):i € N} be a g-frame such that for every
finite set {gi}icr, C K, > ;. Afgi = 0 implies g; = 0 for every i € I,. Suppose
that ker Tp is invariant under the right-shift operator. Then, A is represented by

T € B(H), where ||T| < \/BaAy".

Proof. Let {e;}jes be an orthonormal basis for K. We define the linear map
S span{A}(K)}ien — span{A}(K)}ien with

S(A:‘e]) = A;‘_Hej.

By the assumption, for any finite index sets I, < N and J,, C J,
Zieln,jeJm CijArej = Zie]n A;(ZjGJm cl-jej) =0 implies ZjGJm Cij€5 = 0 and
so ¢ = 0 for i € I,, j € Jn. Therefore, S is well-defined. Now, we show
that S is bounded. Let f = 37,y c;cijAfe; for ¢y € (*(C,N x J) with
cij = 0,4 ¢ I, or j ¢ Jn. By Theorem [[.§ F = {Ale;}ien jes is a frame
for H with lower and upper frame bounds Aj and Bp, respectively. We can
write {cijlienjes = {dij}ienjes + {rijtienjes with {di;}ienjes € kerTp and
{rijtienjes € (ker Tp)*. Since Y-, Af(zjej dije;) = > ienjes digAje; =0 and
{ZjeJ dijejtien € kerTh, then by the assumption, we conclude that

> dihiae; =Y Afy | D dijes | =0,

ieN,jeJ i€EN jeJ

and so the same as in the proof of Ref. 12 we have
2

2
ISFIP =11 Y cuhies|| = | > ruAiae|| <Ba Y |yl (21)

ieEN,jEJT ieN,jeJ iEN,jEJ
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Since {ri; }ien jes € (ker Tr)L, by Lemma 5.5.5 of Ref. [T, we have
2

AA Z |T‘ij|2 < Z TijAfej . (22)
ieNjeJ ieNjeJ
Therefore, by the inequalities (2.1]) and [22), we have
2 2

ISFI* < BaAR || Y righies| = BaAy || Do (dig +rip)Aie;
ieN,jeJ ieN,jeJ

-1 E
= BAAA cijAfej
ieN,jeJ

= BaAL 1P
So, S is bounded and can be extended to S € B(H). It is obvious that A is repre-
sented by T = (S)* and ||T|| < /BaAL". In fact, for every g € K, we have

SA;g = SA; chej = chgAfej
jeJ jeJ
=Y ¢SAfe; =Y cihie;
jeJ jeJ
=AM [ Docies | =A%g, ieN
jeJ
Corollary 2.6. Every g-orthonormal basis has a representation.

Proof. For every finite set {g;}icr, C K, we have

2
D Agi|| = <Z Agin Y A§9j> =D > (AjgiAjgy)

i€l i€l J€In i€l jely,
= Z<giagi> = Z gill-
i€l i€l

S0 > icr, Aigi = 0 implies g; = 0 for any 4 € I,,. Similarly, we have ker Ty = {0},
that is invariant under the right-shift operator. Then, by Theorem 2.3 the proof is
completed. O

Remark 2.7. Consider a g-frame A = {A; € B(H,K):i € N} which is represented
by T. For S € GL(H), the family AS = {A;S € B(H,K):i € N} is a g-frame
(Ref. 20, Corollary 2.26), which is represented by S~1T'S.

Corollary 2.8. FEvery g-Riesz basis has a representation.
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Proof. By Theorem [[7, Corollary [Z.6] and Remark [Z7] the proof is completed. O

Now, we give an example to show that the converse of Theorem is not
satisfied.

Example 2.9. Consider the tight g-frame A = {A; € B(I*(H,N)):i € N} with
A; = (3)77 dg2 (3¢, - It is obvious that A is represented by $1d2(3 ), but Af($e1)+
A5(—ey) =0 for e; = (1,0,0,...).

Proposition 2.10. Let a g-frame A = {A; € B(H,K):i € N} be represented by
T. Then ker Ty is invariant under the right-shift operator T .

Proof. For any {g;}ien € ker Ty, we have

TaT{gi}ien = 3 Aj1gi=> T*Ajgi=T" (Z A;fgl-> —0. .

i€N €N €N

The following proposition shows that the converse of Theorem is satisfied
for one-dimensional Hilbert space K.

Proposition 2.11. Let 'H and K be infinite-dimensional and one-dimensional
Hilbert spaces, respectively, and a g-frame A = {A; € B(H,K):i € N} be repre-
sented by T. Hence, > ;c; Afg; = 0 implies g; = 0, for any finite set {gi}ic1, C K.
Proof. Let {e1} be a basis for K. By Theorem [[L8 the sequence F' = {Afe; }ien is
a frame for H. Since the g-frame A is represented by 7', the frame F' is represented
by T%, i.e.

A;Bl = (T*)iilAiel,

and so by Proposition [[.T] F is linearly independent. We have

0= ZA:QZ‘: ZA;‘(aiel): ZaiAfel, aiE(C,

icl, icl, icl,

therefore, for any i € I,,, o; = 0 and so g; = 0. O

Remark 2.12. Proposition 2.11] shows that for one-dimensional Hilbert space K
with basis {e1}, when a g-frame A = {A; € B(H,K):i € N} has a representation,
then the frame {Afe;};eny has a representation. For a finite-dimensional Hilbert
space IC with orthonormal basis {e;}}_;, when a g-frame A = {A; € B(H,K):i €
N} is represented by T', then the frame F = {Afe;,j = 1,...,n};en can be rep-
resented by T* and finite vectors {Afeq,...,Aje,}, i.e. F = {(T*)"'Aje;,j =
1,...,n}ien, then it can be worked on g-frames that be represented by a bounded
operator and finite subset of the g-frame. But, Example 2.9 shows that for infinite-
dimensional Hilbert space K = [*(H,N) with orthonormal basis {e;};es, this may

not happen, i.e. a g-frame A has a representation and the frame {Afe;}; jen does
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not have. By Theorem [[L§ for a g-Riesz basis A = {A; € B(H,K):i € N}, the
sequence F' = {Afe;}ien,jer is a Riesz basis. By Corollary 2.8 and [I12, Exam-
ple 2.2], both of A and F have representations. What is the relation between these
two representations (open problem)?

Now, we want to discuss the concept of representation for g-frames with index
set Z.

Definition 2.13. We say that a g-frame A = {A; € B(H,K):i¢ € Z} has a repre-
sentation if there is a T € GL(H) such that A; = AT i € Z. In the affirmative
case, we say that A is represented by T

Example 2.14. Consider the tight g-frame A = {A,, € B(C):n € Z} with

A, = mmc. Since A = %Id@ and Az = %Id@, the g-frame A has not any
representation.

A subspace V C [2(H,Z) is said invariant under the right-shift (left-shift) oper-
ator if T(V) CV (T*(V)CV).

Theorem 2.15. Let A = {A; € B(H,K):i € Z} be a g-frame such that for every
finite set {gi}ier, C K, Y icr. Ajgi = 0 implies g; = 0 for every i € I,. Suppose
that ker Ty is invariant under the right-shift and left-shift operators. Then, A is
represented by T € GL(H), where ||T|| < \/BaAL".

Proof. Let {e;}jes be an orthonormal basis for . We define the linear map
S span{A¥(K)}icz — span{Af(K)}icz with
S(Aje;) = Ajjaes
Similar to the proof of the Theorem 2.5 S is well-defined and bounded with ||S|| <
\/BaAy'. Consider the linear map S~ : span{A}(K)}icz — span{A}(K)}icz with
STHATej) = A]_qe;.

Similar to S, the map S~! is also well-defined and since ker T is invariant under
the left-shift operator, S~! is bounded. It is obvious that SS~! = S§~!1§ =
Idspan{az (K)};cz- The operators S and S~! can be extended on H. It is obvious
that A is represented by T' = (S)*, where S € GL(H) is the extension of S and

|T|| < /BaAx* O

Remark 2.16. Note that if A = {A; € B(H,K):i € Z} is a g-orthonormal basis
or g-Riesz basis, then by Theorem [2.15], A has a representation.

Theorem 2.17. Let a g-frame A = {A; € B(H,K):i € Z} be represented by T,
then ker T\ is invariant under the right-shift and left-shift operators and

L<||IT) < /BaAy', 1< T < 4/BadAR"

2050078-9



Y. Khedmati € F. Ghobadzadeh

Proof. Similar to Proposition 210, ker T is invariant under the right-shift oper-
ator. Also for {g;}icz € ker T,

TAT {giticz = > Aj_19:= Y (T Ajgs

i€L i€EZ

= (T (Z(Tﬂ*%)

€L

i€z
= (I"")*"Ta{gi}ticz = 0.
So, ker Ty is also invariant under the left-shift operator. Now for some fixed n € N
and 0 # f € 'H we have

AAIFIZ < DT HAFIP =D AT FI? =D AT T " T £

€L i€L €L

=D AT T

‘€T
= AT s
‘€T
< BAlIT™fII* < BaITIP" 1 £1%,
that implies ||T'|| > 1. Since for any i € Z, A;T = A;11, we have T*Aje; = Aj e;.
So, T* is the operator S that is defined in the proof of Theorem 3] just on
span{Af(K)}icz and therefore we have ||T|| < \/BaAy", alike. Since A = {A_; €
B(H,K):i € Z} = {Ao(T71)":i € Z}, by replacing T~! instead of T, we get
L<||T7Y < \/BaAR" i

Example 23] (ii) shows that for the index set N, 1 < ||T|| does not happen, in
general.

Corollary 2.18. Let a g-frame A = {A; € B(H,K):i € Z} be represented by
T € GL(H). Then the following hold:

(i) If A is a tight g-frame, then | T|| = [|T~Y|| = 1 and so T is isometry.
(i) |SRTS, 7| = IS3T 1Sy || =1.

The authors of Ref. [I1] considered sequences in H of the form F = {T%fy}icr,
with a linear operator T' to study for which bounded operator T" and vector fy €
H, F is a frame for H. In Proposition 3.5 of Ref. 2] it was proved that if the

operator T' € B(H) is compact, then the sequence {T%fy};c; cannot be a frame
for infinite-dimensional H. Someone can study these results for family of operators

{AoT? € B(H,K):i € Z} for T € B(H) and Ag € B(H,K).
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3. Representations of Dual G-Frames

The purpose of this section is to get a necessary and sufficient condition for a
g-frame A = {A; € B(H,K;):i € N} to have a representation, by applying the
concept of duality. Also, for some g-frames with representation, we get a dual with
representation and in one case without representation. In the end, we get the rela-
tion between representations of dual g-frames with index set Z. The proofs of the
results are similar to Refs. [ and [12

Theorem 3.1. A g-frame A = {A; € B(H,K):i € N} is represented by T if and
only if for a dual © = {©; € B(H,K):i € N} of A (and hence all),

P ZAkein+1.
1€N
Proof. First, assume that A is represented by T'. For any g € K we have
Mg =T"Njg=T" (Z A;‘GiAZg>
€N

= T*A;®iAig

€N
= Z Ai10iAg

€N

= > (AkO7A)g

i€EN

= (Z Ak@;-*Am) 9,

€N
then, Ak+1 = ZiGN Ak@rAi—&-l-
Conversely, it is obvious that AT = Ay for T'f = ZieN O A1 f. O

Remark 3.2. By Corollary 3.3 of Ref. 23 for a g-Riesz basis A = {A; €
B(H,K):i € N}, we have

<Z AkJN\fAi+1f»g> =Y (AjAiaf ALg)

ieN ieN
- Zai,k<A’i+lfvg> = <Ak+1f7g>7 fGHv gEIC,
ieN
therefore, by Theorem Bl A has a representation.
In the following, we want to investigate that if a g-frame A has a representation,

its duals have representations or not. If so, what is the relation between their
representations?
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Example 3.3. (i) Assume that a g-frame A = {A; € B(H,K):i € N} is rep-
resented by T. Then, by Remark 27 the canonical dual A is represented by
SATS .

(ii) Consider the g-frame A = {A; € B(H):i € N} with A; = (2)'Idy;, which is
represented by 2Idy. The g-frame © = {©; € B(H,K):i € N} with ©; =
(2)"dy is a dual of A which is represented by 21dy.

(iii) The g-frame of finite elements A = {A; € B(C):i = 1,2,3} with A; = 20" !d¢
is represented by 2Idc, but the dual © = {0; € B(C):i = 1,2,3} of A with
©; = —2Id¢,0, = Ide and O3 = ild@ does not have any representation.
Note that the dual I' = {T; € B(C):i = 1,2,3} of A with I'; = £(3)"'Idc is
represented by %Id@.

Proposition 3.4. Let a g-frame A = {A; € B(H,K):i € Z} be represented by
T € GL(H). Then, the canonical dual A is represented by SATS ' = (T*)~".

Proof. It is obvious that A is represented by SATSy . For any {g;}icz € 12(K,Z),
T*Th{gi}ien = Y T*Ajgi = > (NT)'gi =Y Ajy19: = TaT{g:}icn-
i€z i€z i€z
So, we have
T*S\T = T*T\TiT = T*TA(T*Th)" = TATT*T; = TAT; = Sa.
Therefore, S\T Sy = (T*)~'. 0

Remark 3.5. Let F = {f;}icz and G = {g;}icz be dual frames that are repre-
sented by T,S € GL(H), respectively. Then, by Remark 1] the dual g-frames
A ={A; € B(H,C):i € Z} with Ajf = (f, f;) and ©® = {©; € B(H,C):i € Z}
with ©;f = (f, g;) are represented by T, S* € GL(H), respectively. By Lemma 3.3
of Ref. @, S = (T™*)~L.

The relation between representations of dual g-frames by the index set Z is given
in what follows.
Theorem 3.6. Assume that A = {A; € B(H,K):i € Z} = {AoT*:i € Z} and © =
{0; € B(H,K):i € Z} = {©¢S":i € Z} are dual g-frames, where T, S € GL(H).
Then, S = (T*)~*.

Proof. For any f € H, we have
F=Y AOif => (T*)'A;0,S'f

i€Z i€Z
= TN (1) T A0S TS f = TS A1@.Sf = T7S ).
i€Z i€z
Since T' € GL(H), the proof is completed. O

In general, Theorem B.6 is not true for the index set N (see Example B (ii)).
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4. Stability of G-Frame Representations

Christensen considered the stability of the frames in Hilbert spaces under perturba-
tions® Similar to ordinary frames, Sun proved that g-frames are stable under small
perturbations and have studied the stability of dual g—frames. You can find more
perturbation results for g-frames in Ref. In Ref. 9, we find a perturbation con-
dition that preserves the existence of a representation for a frame. In this section,
we study the stability of g-frame representations under some perturbations.

Theorem 4.1. Suppose that a g-frame A = {A; € B(H,K):ie€ I}, (I =N orZ)
has a representation and I' = {T'; € B(H,K):i € I} is a family of operators such
that for every finite set {g;}icr, C K,

> (A —Ty)*g;

€1y,

<A

Z Ajygi

€1y,

+

ngi

icl,

, (4.1)

where 0 < max{\, u} < 1. Then, the family T is a g-frame that has a representation.

Proof. The family T is a g-frame (Ref. 20, Theorem 3.5). By the inequality (£.1]),
we get ker Ty = kerTp. The operator Ty is onto (Ref. 20, Proposition 2.6) and
so for any f € H, there is {a;};c; € [>(K,I) such that Ta{a;}icr = f. We define
the well-defined operator U € B(H) by Uf = Tr{a;}ics- By the inequality (&1I]),
U is injective. On the other hand, Tt is also onto and so U is onto. Therefore,
U € GL(H). For any {g:}icr € [*(K,I) and g € H ,we have

({g:}ier AT = MU glier) = Y (g, (T — AU™)g)

el
= (Tigig) = > (Agi,Ug)
iel el

= (Tr{gi}ier,9) — (UTr{gi}ier, 9)
= (UTx{9gitier,9) — (UTa{gi}ie1, 9)
-0,

therefore I'; = A;U*,i € I and so if A is represented by T, then I' is represented by
(U*)~1TU*. Indeed, we have

LU 'TU* = AU (U TITU = A TU = A U =Tyyq. |
Proposition 4.2. Suppose that a g-frame A = {A; € B(H,K):i € I}, (I =N or

Z) has a representation and I' = {T'; € B(H,K):i € I} is a g-frame such that for
a constant C > 0,

> (A =Ty

iel

2
< C.min

2 2
> Agi . : (4.2)

iel

ergi

iel

for {giYier € 1*(K,I). Then, T has a representation.

2050078-13
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Proof. By the inequality ([{2)), it is obvious that ker Ty = ker Tr. So, by the same
argument as in the proof of Theorem [l © has a representation. |

Corollary 4.3. Suppose that a frame F = {f;}icr, (I = N or Z) has a represen-
tation and G = {g;}icr s a frame for H such that for a constant C > 0,

2 2 2
Z Cz(fz — gl) S C min Z Cifi 5 Z CiG; 5 (43)
icl icl icl
for {ci}icr € 12(H,I). Then, the frame G has a representation.
Proof. By Remark 2.1l and Proposition 2] the proof is obvious. O
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