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FIBONACCI REPRESENTATIONS OF SEQUENCES IN HILBERT
SPACES

J. Sedghi MOGHADDAM!, Abbas NAJATI?, Y. KHEDMATI?

Dynamical sampling deals with frames of the form {T™ ¢}, where T € B(H)
belongs to certain classes of linear operators and ¢ € H. The purpose of this paper
is to investigate a new representation, namely, Fibonacci representation of sequences
{fn}2, in a Hilbert space H; having the form fpio = T(fn+ fnt1) foralln > 1 and a

n=1
linear operator T : span{ fn}°2 ; — span{fn}2 ;. We apply this kind of representations
for complete sequences and frames. Finally, we present some properties of Fibonacci

representation operators.
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1. Introduction

The concept of frames (discrete frames) in Hilbert spaces has been introduced by
Duffin and Schaefer [8] in 1952 to study some problems in non-harmonic Fourier series and
this is the starting point of frame theory. A frame for a separable Hilbert space H is a
family of vectors in H which provides robust, stable and usually non-unique representations
of vectors in H. Indeed, frames can be viewed as redundant bases which are generalization
of orthonormal bases. Vectors in a Hilbert space H{ may have different representations each
useful for solving a certain problem. Frames are useful in areas such as coding theory,
communication theory, signal processing and sampling theory, among others.

We recall some definitions and standard results from frame theory.

Definition 1.1. Consider a sequence F' = {f;}$2; in 3.
(1) F is called a frame for H, if there exist two constants Ap, B > 0 such that

ArlfIP <Y UL FP < BellfI? fedt

i=1

(#4) F is called a Bessel sequence with Bessel bound By if at least the upper frame con-
dition holds.
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(733) F is called complete in 3 if span{f;}5°, = X, i.e., span{ f;}32, is dense in K.
(iv) F is called linearly independent if Y ;" cpfr = 0 for all m € N and some scalar
coefficients {cy}7,, then ¢,y =0 for all k =1,--- ,m. We say F is linearly dependent

if F'is not linearly independent.

Theorem 1.1. [4, Theorem 5.5.1] A sequence F = {f;}32, C H is a frame for H if and
only if

o

Tr : 62 — J‘f, TF({Ci}?il) = Zcifi,
i=1
is a well-defined mapping from €2 onto 7. Moreover, the adjoint of Tr is given by

Ty H — 02 Tif={{f, fi)}2,.

In [2], Aldroubi et al. introduced dynamic sampling which it deals with frame proper-
ties of sequences of the form {T"p}52 ,, where T € B(H) belongs to certain classes of linear
operators (such as diagonalizable normal operators) and ¢ € H. Various characterizations of
frames having the form {fi}rer = {T*¢}rer, where T is a linear (not necessarily bounded)

operator can be found in [1, 3, 5, 6, 7, 9].

Proposition 1.1. [6, Proposition 2.3] Consider a frame sequence F = {f;}52, in a Hilbert
space I which spans an infinite-dimensional subspace. The following are equivalent:

(1) F is linearly independent.

(i) There exists a linear operator T : span{ f; }32, — H such that Tf; :== fit1.

Theorem 1.2. [7, Theorem 2.1] Consider a frame F = {f;}52, in H. Then the following
are equivalent:
(i) F={T""1f1}2, for some T € B(H).
(i1) Theker T is invariant under the right-shift operator T : {2 — €2 defined by T(cy,ca,---) =
(0,¢1,c9,++).

2. Special sequences

It is well known, cf. [4, Example 5.4.6] that if {e,, }5° , is an orthonormal basis {e, }32 ;
for 3, then {e,+e,+1}22 1 is complete and a Bessel sequence but not a frame. This motivates
us to investigate some results concerning the sequences F' = {f,}52,, M = {fn + fo+1}52,
and N = {f, — fn_1}52, in a Hilbert space 3.

Proposition 2.1. Let a and 8 be nonzero scalars and F = {f,}52, C H. Then
(1) F is a Bessel sequence for H, if and only if M = {afn, + Bfat1}22, and N =
{afn — Bfnt1}22, are Bessel sequences for H.
(i) Suppose that F is a Bessel sequence for H. Then F is complete, if and only if M =
{afn + Bfnt1}52, is complete, whenever |a] > |3].

Proof. (i) Assume that {f,}>2; is a Bessel sequence with Bessel bound Br and pu =

max{|a|?,|3|?}. Then for f € H, we have

S Wfafn + Bfar)? + D (frafn = Bfaga)|* < 4pBr| f|.

n=1 n=1
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Then M and N are Bessel sequences. For the opposite implication, let By; and By
be Bessel bounds for sequences M and NV, respectively. Then

2|a? Z| £ F) 2 < (By + Ba)lIfI?,  feX

(i) Suppose that F' is complete and f € H such that (f,af, + Bfn+1) = 0 for all n € N.
Then a(f, f,) = —B(f, fnt1) for all n € N. Since |a| > |3] and

P YD NG = SO Al < BrlIP,
n=0 n=1

we get (f, f1) = 0 and consequently (f, f,,) = 0 for n € N. Hence f = 0 and this shows
that {af, + Bfn+1}52, is complete. In order to show the other implication, assume
that M is complete and f € 3 such that (f, f,,) = 0 for all n € N. Since

<f7afn+ﬂfn+1>:a<fufn>+3<f7fn+1>:07 n €N,

we conclude that f = 0 and therefore F' is complete.
|

Proposition 2.2. Let F = {f,}>2,, M = {afn + Bfnt1}52, and N = {afy, — Bfnt1}52,
be sequences in a Hilbert space H and o # 0. Then F' is a frame for H, if and only if MUN

s a frame for H.

Proof. Let u = max{|a|?,|3]?}. Then the result follows from

|af? Z (f, fu) P 4uZ|f,fn . et
O

Theorem 2.1. Let M = {f, + fuy1}52; and N = {fn, — fuy1}5%2, be frames for H. Then
F ={f,}>2, is a frame for H and

ASpf=Suf+Snf+2(f, f1)f1. [feXH, (1)

where Sg, Sy and Sy are frame operators for F, M and N, respectively.

Proof. By Proposition 2.1, F' is a Bessel sequence for H. Let Ay and Ax be lower frame
bounds for M and N, respectively. Then we have

(An + AN)[IFIP < 4Z|f,fn , fen

Therefore, F is a frame for H. Furthermore, since for f € K,

ST Fnt+ Fart) P+ W fo = Fae) P =2 N F) P23 1S fasn) 2,
n=1 n=1

n=1 n=1

we obtain (1), by
<SIVIf7f>+<SNf7f> :4<SFf7f> _2<<f7f1>f17f>7 fef}C
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Theorem 2.2. Let M = {fn, + fot1}521, N ={fn— fat1}52, and F = {f,}>2, be Bessel
sequences for H and ker Tp be invariant under Tr. Then ker Tp = ker Thy Nker Ty .

Proof. Let {¢,}52, € kerTp. Since kerTp is invariant under Tr, we get {0,c1,c2,...} €
ker Tr. Therefore {c1,c¢1 + co,c2 +¢3,...},{c1,¢2 — ¢1,¢3 — ¢a, ...} € ker Tr. Hence

ch(fn - fn+1) = Z Cn(fn + fnJrl) = Z(Cﬂ + Cn+1>fn+l + lel =0.
n=1 n=1 n=1

Then we conclude {¢,}52; € kerTpy Nker Ty. On the other hand, if {c,}52, € ker Ty N

ker Ty, then we have

0= ch(fn - fn+1) + ch(fn + fnJrl) = 2zcnfn
n=1 n=1 n=1
Therefore, {¢,}72, € ker Tp. O

3. Fibonacci representation

In this section we want to consider representation of a sequence {f,}°2; C H on the
form f, = T(fn—1+ fn_2) for n > 3, where T is a linear operator defined on an appropriate
subspace of H.

Definition 3.1. We say that a sequence F = {f,}52, has a Fibonacci representation if
there is a linear operator T : span{f,}>2; — span{f,}°2 such that f, = T(fn-1 + fn—2)
for n > 3. In the affirmative case, we say that F' is represented by 7', and T is called a

Fibonacci representation operator with respect to F.

Throughout this segment, H denotes a Hilbert space and {e,, }22; is an orthonormal
basis for J.

Example 3.1. It is clear that F = {f,}22, = {e1,e1,€a,...} is a frame for H. We define
the linear operator T : span{e, }52; — span{e, }52; by

n—2

€9 ; €2
Tel = ?’ Ten = Z(—l)zen_i+1 + (_1)n+157 n 2 2.
=0
Then F is represented by T. Note that F is not linearly independent, and so by [6, Propo-
sition 2.3], there does not exist a linear operator S : spanfe, }>2 ; — span{e, }°2, such that

Se; =e1 and Se,_1 =e€,, n > 2.

Example 3.2. The frame F = {f,}52, = {e1,e2,€3,€1,€4,€5,€6,...} is represented by T,
where T : span{ f,, }°°; — span{ [, }5°, is defined by

1 1 1
Te, = 5(64 +es—e1), Tes= 5(—64 +es+er), Tes= 5(64 —e3+e1),

Tey=e5—Tey, Te,=ept1 —Tep_1, n=5.

Proposition 3.1. A sequence F' = {f,}52 is represented by T, if and only if M = {f, +
frg1}52, and N = {fn — fo+1}52, are represented by T.
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Proof. First, let F' be represented by T'. For every n € N, we have

T((fo % fag1) + (fasr £ fag2)) = fara £ fays,

Then M and N are represented by 7. Conversely, if M and N are represented by T, then

for all n € N, we have
1
T(fn+ frs1) = gT(fn + fot1 + fo = fot1 + ot + frv2 + for1r — far2) = fago.
Hence F is represented by T O

A frame may have more than one Fibonacci representation and a frame may not have

any.

Example 3.3. The frame G = {f,}°2, = {e1, €2, €1, €3, €4, ...} does not have any Fibonacci
representations. Indeed, if G is represented by T, then

Tei +Tey=e1, Tey+Tey =eg,
which is a contradiction. We note that {fn + fnt1}52, is not linearly independent.

Example 3.4. Consider the frame E = {e,}22, C H and let T,S : spanf{e,}52; —

span{e, }52, be linear operators defined by

1 (_1)n n+1 ]
T@l = T€2 = 563, Ten = 2 €3 — Z(—l)n—i_l_lei, n = 3,
i=4
n+1
Se; =0, Ses =e3, Se3 =e4 —e3, Se, =e3 — Z(—l)"“ei, n > 4.
i=4

Then it is easy to see that E is represented by T and S. We note that {e, + en41}52, s

linearly independent.

In general if {f,}52; C H is linearly independent with a Fibonacci representation T,
then for each g € span{f,}22, the linear operator S : span{ f,}52; — span{f,}52; defined
by

k k k
S(Lah) = LaThi+ Y- 1as
i=1 i=1 i=1
is a Fibonacci representation for {f,}22 ;.
Now, we want to get a sufficient condition for a frame F' = {f,,}52 ; to have a Fibonacci

representation. We need the following lemma.

Lemma 3.1. Consider a sequence {f,}>2, in H. Then the following hold:

(i) Forn > 2, we have

m—1

fn = Z(_l)i(fn—i—l+fn—i)+(_1)mfn—ma 1 gmgn_l
=0
(ii) span{f,}o2, =span {{f1} U{fn + fas1}521}-
(131) If {fn}2 is linearly independent, then {fn + fn41}52, is linearly independent.
(o) If {fi}U{fn~+ frnt1}22, is linearly independent, then { fn}5%, is linearly independent.
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Proof. (z) Let n > 2 and 1 < m <n —1. Then we have

—1 m—1 m—1

(—1)7(fn—z—1+fn 7 Z Z 1fn—i ( )m 1fn m+fn+ Z fn i

=0 i=1 i=1

— (_ )m_lfnfm"rfn~

For the proof of (ii), it is clear that span{{f, + fny1}nz1 U {f1}} C span{f,};2;. On the
other hand, by (i) (for m = n — 1) we infer span{f,}52, C Span{{fn + for1 102, U{f1}}
This proves (ii). To prove (iii), let {c, }¥_; C C such that En 1 n(fn + fag1) = 0. Then
we have c1 f1 + Zn o(Cn—1+cn)fn+ ckfk+1 = 0. Since {f,}52, is linearly independent, we
get ¢ = ¢, =0and ¢,_1 +¢, =0 for all 2 < n < k. Therefore, ¢, =0 for all 1 < n < k.
This completes the proof of (iii).

To prove (iv), let {c, })_; C C such that Efj:l ¢nfn =0. Then by (i), we have

N n—2
Ozzcnfnzclfl+zcn(z fn i— 1+fn z) ( l)n_lfl)
n=1 =0
N N n—2 )
= (Cl + Z Cn(_l)n_l)fl + Z Cn (_1)l(fn7i71 + fnfz)
n=2 n=2 1=0
N N-2 N )
= (Cl + Z cn(—l)”_1>f1 + Z Z en(=1)" (fa—i—1 + fo—i)
n=2 1=0 n=i+2
N N N-—i .
= (01 +) Cn(_l)n_l)fl + 0D orn(=1) (fat1 + faro)
n=2 i=2 n=0
N N-2 N-n )
= (Cl +y Cn(—l)n_l)fl + ( Ci+n(—1)l)(fn+1 + fa+2)-
n=2 n=0 1=2

Since {f1} U {fn + fat1}52, is linearly independent, we get

a+ > a1 =0, Y cipn(-1)'=0, 0<n<N-2

Hence we conclude that ¢, =0 for all n = 1,2,.., N. Then {f,}>2, is linearly independent.
O

In the following, we give a sufficient condition for a sequence F' = {f,,}52; to have a

Fibonacci representation.

Theorem 3.1. Let F = {f,}>2, be a sequence in H. If {fn + fnt1}52, is linearly inde-

pendent, then F has a Fibonacci representation.

Proof. First we assume that f1 € span{f, + fn1+1}22;. Then by (i7) of Lemma 3.1, we
have span{ f, + fnt1}2, = span{f,}>2,. We define a linear operator T : span{f,}>2; —
span{fy}nZ, by

T(fn+ fo41) = fare; n =2 (2)
Since { frn+ frnt+1152; is linearly independent sequence, T is well-defined and F' is represented
by T. If f1 ¢ span{fn+ fn+1}52,, then {f1}U{fn+ frnt1}52, is linearly independent and so
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by Lemma 3.1 (iv), {f,}52, is linearly independent. Hence we can define a linear operator
T : span{ fn}52, — span{f,}22, by T'f, = > o(=1)" fut1—i, n € N. We show that F is
represented by 7T'. Indeed,

n

Tfo+Thugr =Y (1) farroi+ Y (=D farii+ fara = faro.
i=0

i=0
|

The following example shows that the converse of Theorem 3.1 is not satisfied in

general.

Example 3.5. The frame F = {f,}32, = {e1,ea,e3,€9,€2,€4,€5,€6,...} is represented by

the linear operator T : span{ f,}°2; — span{f,}2, given by
€4 €4 €4
Te =€3 — —, Te = —, Te = €9 — ,
s 2= 5 3=

n—4
Ten =3 (~1)ien_is1 + (—1)”—3%4, n> 4.
=0

But {fn + fr+1152, = {e1 + ea,ea + €3, e3 + €3, 2ea, ...} is not linearly independent.

Corollary 3.1. Let F = {f,}52 be a linear independent sequence in H. Then F has a

Fibonachi representation.
Proof. Tt follows from Lemma 3.1 (4i7) and Theorem 3.1. O

Now, we provide sufficient conditions to make the converse of Theorem 3.1 become

true.

Theorem 3.2. Let F = {f,}52, be a complete sequence in an infinite dimensional Hilbert
space H which has the Fibonacci representation operator T. If there exists m € N such that
fma1, Tf1 € span{ o}, then {fn + fnt1}52, is linearly independent.

Proof. Suppose that {f, + fnt+1}152; is not linearly independent. Then there exists ng € N
such that fr, + fagt1 = Yoney Cn(fa + fas1). Hence

'rL()—l

fno+2 = T(fno + fno+1) = Z Cnfn+2 S Span{fn}ZSI- (3)

n=1
Let V = span{f,}, _;, where | = max{ng +1,m}. By (3) and f,,11 € span{f,}™ ,, we get
fir1 € V. We show V is invariant under 7. Suppose that f = Zim:l cnfn € V. By using

(1) of Lemma 3.1, we have

l n
Tf=aTfh+ Z ch( (1) (frict + fui) + (71)n71f1)
=0

n=2 7

l l n
= (Cl + Z Cn(—l)n_l)Tfl + Z Cp, Z(_l)ifn—i-i-L
n=2 n=2 =0

Since T'f1 € span{f,}7; CV and f;11 € V, the above argument proves that V is invariant
under 7. Therefore f, € V for all n > [ + 1 and consequently span{f,}>>; = V. Since
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{ .}, is complete in I, we have H = span{ f,,}°°; = V = V which is in contradiction to
dim H = oo. O

Proposition 3.2. Let {f,}22, be a complete and linearly dependent sequence with fi; #

0 in an infinite dimensional Hilbert space H. Then there exists m > 2 such that f,, €

span{fn}n=y and frsr & span{fu}i;.

Proof. Since {f,}52, is linearly dependent, there exists k > 2 such that fj, € span{f, ﬁ:i

We claim that there exists an integer [ > k such that f; ¢ span{f, }._\,. If f; € span{f,}. 2}
for each I > k, then f.,1 € span{f,}*Z! because fi € span{f,}*_} and fi1 € span{f,}*_,.
Hence by induction we get f; € span{f,}*Z! for each I > k. Therefore span{f,}>2, =
span{f,}*Z1. Since {f,}22, is complete and dimH = oo, the contradiction is achieved.
Now, let ¢ € N be the smallest number such that fry; ¢ Span{fn k“ L Putting m =

k+i—1, we get fp, €span{f,} ™' and fo41 ¢ span{f,}7 O

Proposition 3.3. Let F = {f,}>2, be a sequence in H which is represented by T. Suppose
that fo, € span{f,}"' and fn1 ¢ span{f,}"' for some integer m > 2. Then Tf; €
span{fn}?;},l for1 g i< m.

Proof. By the assumption, we have f,, = > - 11 Cn fn, SO

m—2 n—1

( Z_:(_l)icn—i) (fn + fn+1)

1)icn—i—l)fn

I
—
é‘
Q/
e
+
gl
S
(]

n=1 =0 n=2 =0
m—2 n—1 n—1 m—3
- lel + Z (Cn + Z(_l)lcn—z + Z(_l)l Cn— z)fn ( Z Cm—i—2)fm—1
n=2 i=1 i=1 =0
m—3
:le1+zcnfn+( ( 1) Cm—i Q)fm 1
=0

i}

= fu+ (= emo1+ Y (D emoiz) ot = o+ (3 (<1 emoict ) .
i=0

3
|
w
3

=0
thus
m—2 n—1 m—2
fmfl +fm = Z (Z(_l)icnfi) (fn +fn+1 ( Cm 11— 1>fm 1 (4)
n=1 =0 ’L:O

Since F is represented by T, the equality (4) implies that

Jmi1 = "522 (nz:l(_l)icnz) Jry2 + (1 - niz(_l)i_lcmi1>Tfm1- (5)
n=1 " i=0 =0

If 1 - Z?Zf(—l)i Yem—i—1 = 0, then fny1 € span{f,}™ 5 C span{f,}™ ' which is a
contradiction. Hence (5) implies that

frr = X (0 (1) uns) fusa
Tfm—l = m_2

n m+1.
1= (1)t € span{ f,, }; '3 (6)




Fibonacci representations of sequences in Hilbert spaces 107

Also, by (i) of Lemma 3.1, for 1 < j < m — 1, we have

i1
fm+1 = Tfm + Tfmfl = Z(_l)zfmfz?kl + (_1)]Tfmfj + Tfm71~
i=0
Therefore
i1
Tfm—j = (71)j (fm+1 - Tfm—l - Z(*l)lfnz—i—i-l)- (7)
i=0
Hence it follows from (6) and (7) that Tf; € span{f, }"*} for each 1 <i < m — 1. O

Corollary 3.2. Let F = {f,}>2, be a sequence in H which is represented by T. Suppose
that f, € span{f,}"=! and fri1 ¢ span{f,} "=} for some m € N. Then, Tfmy; €

n=1

spaun{fn}?:J}f'*'1 for each i € N.

Proof. Since T frn4i = fon+it1 — T finri—1, the result follows by induction on i and Propo-
sition 3.3. 0O

Corollary 3.3. Let F = {f,}2, be a complete sequence in an infinite dimensional Hilbert
space H.
(1) If F is linearly independent, then it has a Fibonacci representation T' such that R(T) =
span{ fn }nZ 3.
(#4) If F is linearly dependent, then for every Fibonacci representation T of F we have
R(T) = span{ frn}5Zs.

Proof. First we note that if F' is represented by T, then f,, = T(fn—1 + fn—2) € R(T) for
every n > 3, and consequently span{f,}>2 , C R(T).
To prove (i), consider the linear operator T' : span{f,}52,; — span{f,}>2, defined

by
1 ST (-1"
Th=TfH=5fs Tl= > (=) fagai + 5 J3, n=3.
i=0

Then T'fy +Tfo = f3, Tfo +Tf3 = fq and

n—3 n—2
Tfo+Thgr =D (1) fais1i+ D (=1 faisa = far2, n>3.
i=0 i=0

Hence F' is represented by T and it is obvious that R(T) C span{f,}525. In order to
prove (ii), by Proposition 3.2 there exists m > 2 such that f,, € span{f,,}" ' and f,11 ¢
span{ fn}nm:]l. If F is represented by T', then by Proposition 3.3 and Corollary 3.2 we have
R(T) C span{ fu}3s. o

In Theorem 3.2, we showed that {f, + fn4+1}52; is linearly independent under some
conditions. In the following, we show that (under some conditions) by removing finitely

many elements of {f, + fn+1}52, the remaining elements will be linearly independent.

Theorem 3.3. Let F = {f,}52, be a complete sequence in an infinite dimensional Hilbert
space H which is represented by T'. Then there exists m € N such that { ftn + fmi+n+1 152,

is linearly independent.
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Proof. Tf F is linearly independent, then the result follows by (ii¢) of Lemma 3.1. Suppose
that F' is linearly dependent. Then by Proposition 3.2 and Proposition 3.3, there exists
m > 2 such that f,, € span{f,}"', fm+1 ¢ span{f,}7"=! and Tf; € span{f,}"%;}.
We prove {fm+n + frtnt1152, is linearly independent. Suppose by contradiction that
{fmtn + frtnt1}52, is not linearly independent. Then there exists j € N such that fy,; +
Smtjt1 = Ei_:ll en(fmtn + fmint1). Hence we have

j—1
fm+j+2 = T(fm+j + fm+j+1) = Z Cnfminta € Span{fn};njf“. (8)

n=1

Let V = span{fn}?:f“. We show that V is invariant under T'. Let f = Z;njfﬂ cnfn €V.
Then by (7) of Lemma 3.1, we have

mej+1 jEmAl -2 '
Tf= (01 + Z Cn(*l)n71>Tfl + Z Cn Z(*l)lfn—i-s-y
n=2 n=2 1=0

Using T'f, € span{f,}™ ' C V and (8), we get Tf € V. Then we conclude f,, € V for
all n > m + j + 2. Thus, span{f,}52,; = V and since {f,}22, is complete in H, we have
H = span{ f,}5°, = V = V which is a contradiction. O

4. Fibonacci Representation Operators

In a frame that indeed has the form {T7¢p}22,, where T' € B(H) and ¢ € K, all
sequence members are represented by iterative actions of T on . In the case where {f,}2
has a Fibonacci representation operator T', we expect (Theorem 4.1) all members of the
sequence {f, 152, to be identified in terms of iterative actions of T" on elements f; and fo.
In this section, we present some results concerning Fibonacci representation operators. One
of the results characterizes types of frame which can be represented in terms of a bounded

operator T.

Notation. [z] denotes the integer part of x € R and (Z) = ﬁlk), for integers
0<k<n Welet (Z) :=0when k >nork <0.

Theorem 4.1. Let T : span{f, }>2; — span{f,}2, be a linear operator, then the following

statements are equivalent:
(1) F={fn}52, is represented by T
(1) Tfr +Tf2 = f3 and for a, = ["T_l] L by =n—2a, — 2,

2a, . .
f— za: ( i+ by Titn gy 4+ i+ by Ti+bn+1f1)7 n>4. (9
2i — 2a,, + b, 2i — 2a, + b, +1

i=an

Proof. (i) = (ii) We prove (9) by induction on n. For n = 4, we have ay = 1 and by = 0.

Then
(e (e (-
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Now, assume that & > 4 and (9) holds for all n < k and we prove (9) forn=k+1. If k+ 1

is even, then by = —1, by_1 = byy1 = 0 and a1 = ap = 1 + ap_1. Hence
2ap i—1 7—1
T - ( T f, + i+l )
frt1 fr Jr—1 ;;k <2i — 2a) — 1) F2 <2i - 2ak> /i

& 7 i—1 i+1
+Z ((22—2ak>Tf2+<2i—2ak+1>T+ fl)
& 7 Z 7
B 22—2ak 2 — 2ay, + 1 ).
Z( T fo + T f1>

= ag
Since b1 = 0 and ag4+1 = ag, we obtain (9). If k+1 is odd, then by, =0, bp_1 = bgy; = —1
and 1 4+ a1 =1+ ar = ax4+1. Hence

20141 . .
71— 1 . 7 —1 )
T+ Thoa= Y ( T, 4 Ti )
fr+1 fr fr—1 <2i—2ak+1—1> f2 <2i—2ak+1> fi

1=ak 41

Hence we get (9). To prove (ii) = (i), there are two possibilities. If n > 4 is odd, then

b, =-1, by_1 =bpy1 =0and apy1 =a, =1+ a,_1. Hence
T < i—1 . i—1 \ i
f”_i;;m((%—zan—l)Tfﬁ(2@—2an>T fl)’
o i—1 . i—1 ,
Tin-r= :Zan ( <2@' - 2an> T'hat <2i — 2a, + 1) Tmfl)'
Therefore,
el i : i .
Th+ T =3 ( (22. ) 2an> T'fy+ <2z, o 1) T = faia.
If n > 4 is even, the argument is similar to the previous case. (]

Remark 4.1. We recall that
0 = {{}e o Z 1fall® < oo},

and Tr,Tg : £2(H) — £2(H) are bounded linear operators defined by
Telfutnin = {fonitnZe, Teliflnzy = {0, f1, fo, f -

Proposition 4.1. Let F = {f,}52, be a Bessel sequence in H which is represented by Ty
and let M = {fn + far1}52, be a frame for H. Then ker Tpy C ker T2 p if and only if

T := Tolspan{ fo+frs1}, 8 bounded with ||T|| < B—]Z, where Bp is a Bessel bound for F

and Apr is a lower frame bound for M.

Proof. Let ker Ty C ker Tg’iF and f = Zizl cn(fu+ frs1), where {c,}22; € £2 with ¢, =0
forn > k + 1. Then

oo

Tf = Z CnT(fn + fn+1) = Z Cnfn+2 = Z dnfn+2 + Z Tnfn+27
n=1 n=1

n=1 n=1
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where {d,};2, € ker Ty C ker T2 p and {r,}32, € (ker Ths)*. Since {d,}>2, € ker T2 ,
we have Y >° | d,, fnt2 = 0 and consequently T f = > | 7y, fut2. Therefore by applying [4,
Lemma 5.5.5], we have

512 < B2 St = 22| S enlha+ fu)| = N,
n=1 n=1

For the other implication, let {c,}32; € kerThs. Since > 7 ¢n(fn + fny1) = 0 and T is
bounded, we have Y7 | ¢, fr+2 = 0, that means {¢, }32; € ker T2 p. O

Remark 4.2. In Theorem 1.2, the invariance of ker T under the right-shift operator T is a
sufficient condition for the boundedness of T'. It is obvious that the invariance of ker T under
T is equivalent to ker T C ker Ty, . In fact, for {c,, }5°; € ¢? we have T({c,}5°;) € ker Tr
if and only if {c,}72, € ker Ty, p.

Proposition 4.2. Let F = {f,}22, be a Bessel sequence in H which is represented by
T € B(H) and M = {fn + fo+1}52, be a frame for 3. Then T is injective if and only if
ker T2 p © ker Ty

Proof. Let T be injective and {c,}72; € ker T2 p. Then

T(ch(fn + fn+1)> = chfnJrZ =0.
n=1 n=1

Since T is injective, we get > ° | ¢n(fn + frt1) = 0 and consequently {¢,, }52, € ker T,.
Conversely, assume that f € H and T'f = 0. Since M = {f, + fnt+1}52, is a frame for K,
we have f = Y7 ¢,(fn + fay1) for some {¢,}52, € €2, Then Y 7 | ¢pfntz = 0, and so
{cn}nly € kerTy2 p C ker Ty, This means f = > i en(fn + far1) = 0 and the proof is
completed. O

Proposition 4.3. Let {f,}>2, be represented by T. Then the following hold:
(i) If K € B(H) is injective and has closed range, then {K f,,}72, has a Fibonacci repre-

sentation.
(#9) If K € B(H) is surjective, then {K*f,}>2, and {KK*f,}>2, have Fibonacci repre-
sentations.

Proof. (i) By Open Mapping Theorem, there exists a bounded linear operator S : R(K) — H
such that SK = I4;. Therefore

KTS(K fo+ K fo1) = KT(fo + fo1) = K fas1, n>2.

To prove (ii), by [4, Lemma 2.4.1], K* is injective and has closed range. Also KK* is
invertible. Then (i) implies (i7). O

Proposition 4.4. Let {f,}52, be a frame for H and represented by T € B(H). If Tf, €
span{ f,, }22 4, then R(T) is closed and R(T) = span{T f,}>2, = span{ f,}>2 5.

Proof. For each f € I, there exists {¢,}52; € ¢? such that f =Y oo ¢, fn. Then Tf =
S enT fn € span{T f,}22,, and therefore R(T) C span{7'f,}52,. On the other hand,
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for g € span{f,}>2 5 there exists {c,}3°; € ¢? such that

g = chfn—i-Z = ZCnT(fn + fn+1) = T(ch(fn + fn+1)) S fR(T)
n=1 n=1 n=1

Then span{ f,}52 5 C R(T). Since T'f; € span{ f,}52 4, we can now apply (i) of Lemma 3.1
to conclude that

span{T [ }3y = span {{Tfi} U T fu + Tfura iy | = span{ fu}iZa.
Therefore R(T') = span{T f,}52; = span{ fn}>2 5. O

Proposition 4.5. Let {f,}22; be a linearly dependent frame sequence represented by T €
B(X), where X = span{ f,,}°2, is an infinite dimensional Hilbert space. Then R(T) is closed
and R(T) = span{ f,}22 .

Proof. Let Ty be the restriction of T' on span{f,}>2 ;. Then by (ii) of Corollary 3.3, we
have R(Tp) = span{f,}52 4, and therefore R(T") C span{f,}>25. On the other hand, Since

{fa}22, is a frame sequence, for each f € span{f,}3° 5, there exists {c, }5°; € £2 such that
[= Z Cnfnt2 = Z cn(Tfn+Tfni1) = T( Z en(frn + fn+l)) € R(T).
n=1 n=1 n=1

Hence span{ f,}525 € R(T) and this completes the proof. O

Theorem 4.2. Let {f,}2, be represented by T and S. If Tfy = Sfy, then T = S on
Span{fn}%ozl'

Proof. Since Tf1 = Sf1 and T(fn + fut1) = for2 = S(fn + fog1) for all n € N we
get T'f, = Sf, for all n € N (we can use (i) of Lemma 3.1). This proves T = S on
span{ f, }>2 ;. O

Corollary 4.1. Let {f,}r, be represented by T and S. If fi € span{f, + fot1}ro, for
some k € N, thenT = S.

Proof. Since f1 € span{f, + fot+1}22,, we have fi = >, ¢, (fn + fot1) for some scalars
Cky* "+ ,Cm. Then

Tfl = chT(fn +fn+1) = chfn+2 = chs(fn +fn+1) = Sfl
n=~k

n==k n==k
Therefore T = S by Theorem 4.2. O
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